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An exact analytical solution is given of the direct axisymmetric steady dynamic problem in the theory of elasticity of the motion,
with an arbitrary constant subsonic velocity v = ¢ along the interface of a rigidly coupled layer 0 < z < H and a half-space z < 0,
of a circular transverse shear crack 0 < 7 < /* + ¢z (+° < 0) with and without a cavity at its tip. Using Hankel transformation in
terms of biwave potentials, a general solution of the fundamental equations of motion in the theory of elasticity and the basic
solutions of the first fundamental boundary-value problem are separately constructed for the layer and the half-space for the
case of arbitrary normal and shear stresses in the plane of separation z = 0 in a moving cylindrical system of coordinates
ri = r + ct, z; = z. A special regularization of the main solution is carried out which ensures the convergence of the integrals
for all stresses and displacements while preserving the high accuracy of the solution to whatever level may be desired [1, 2]. On
the basis of the main solutions, a mathematical formulation is given of the mixed problem of the motion of a transverse shear
crack with a cavity at the tip and its reduction to a system of three singular integral equations with Cauchy kernels which allows
of regularization by the Carleman—Vekua method in terms of the closed solution of the corresponding characteristic system of
singular integral equations. When the width of the cavity vanishes, one of the equations of the system solves the problem of a
transverse shear crack without a cavity. Criteria are established for the existence of a cavity and its absence as a function of the
elastic and velocity characteristics of the layer and half-space and the velocity of motion of the crack ¢. © 2005 Elsevier Ltd.
All rights reserved.

The problem described is intended for investigating interference waves as well as proper surface and
boundary Rayleigh and Stoneley waves which are generated by a moving crack according to the law of
synchronism. Its possible relation to the source of moving forces of an earthquake can be perceived.

1. FORMULATION OF THE BASIC AND MIXED PROBLEMS

The two-layer half-space which is considered consists of a layer of arbitrary thickness H and a foundation
layer of infinite thickness (a homogeneous half space) to which the numbers 1 and 2 are assigned
respectively. Young’s moduli of elasticity E;, Poisson’s ratios v; and the density p; of the material
(i = 1, 2) can take different and arbitrary values. We will take the origin of a cylindrical system of
coordinates r, z in the plane of separation of the layers and we will direct the Oz axis upwards, orthogonal
to the layers. In this system of coordinates, the upper layer 0 < z < H and the foundation layer z < 0
are separated by the plane z = 0, and the plane z = H is the upper boundary of the upper layer (Fig. 1).

The outer boundary z = H is stress free. At the instant of time ¢ = 0 in the plane of separation of
the layers z = 0, a circular transverse shear crack 0 <7 + ¢t <7° + ¢t (+° 2 0) occurs spontaneously and
starts to move at an arbitrary constant subsonic velocity v = ¢ and, outside the crack, the conditions
for the rigid coupling of the layers, which ensures the continuity of the normal and shear components
of the stresses and displacements, must be satisfied. We will initially assume that the edges of the crack
are in contact everywhere, have bilateral bonds and, during the motion, rub against one another with
friction, the law of which is subject to determination from the condition of the synthesis of all of the
boundary conditions in the plane of the crack 0 <r + ct, z = 0. This formulation of the problem will
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only be correct when the axial normal stresses in the whole of the crack domain 0< 7 + ¢z < /° + cr are
compressive stresses (of negative sign). However, if a zone (zones) of tensile normal stresses appears
in the crack domain, then, when there are unilateral bonds in this zone (zones), the edges of the crack
will tear away from one another and from a cavity (cavities). It is only possible to establish the signs of
the normal axial stresses in the whole crack domain by a numerical analysis of the problem The crack
tipr = /° + ct, at which the normal axial stresses undergo an infinite discontinuity, is an exception. The
analytical solution of the initial problem of a crack without a cavity enables us to prove that the normal
axial stress intensity factor at the crack tip changes sign over the range of change in the elastic and
velocity characteristics of the layers at any subsonic velocity of the crack propagation. Consequently,
in the case of certain elastic and velocity characteristics of the layers, a zone of normal tensile stresses
appears in the neighbourhood of the tip and therefore, a cavity is formed at the tip under conditions
when there is unilateral bonding of the edges of the crack in this zone.

The above conditions give a sufficient basis for formulating the key problems being considered of a
transverse shear crack (without a cavity) and with a single cavity at the tip. A numerical realization of
the analytical solutions of these problems will enable us to establish the specific characteristics of the
layers and the crack propagation velocity v = ¢ for which they are correct and to investigate the possibility
of the appearance of intermediate cavities in the case of other characteristics of the problem. This, in
turn, will provide sufficient grounds for formulating the generalized problem of the propagation of a
transverse shear crack when there is an arbitrary finite number of cavities.

The analytical solutions of the fundamental and mixed problems described below are given in a moving
cylindrical system of coordinates r; = r + ct, z; = z in the dimensionless variables p = r/b, { = z,/H,
where b = 10 + ct is the value of the radius of the circle, taken as the linear unit of measurement. Here,
it should be recalled and explained that, in the steady-state problem being considered, all the mechanical
characteristics and the required stresses and displacements are independent of the time . One should
therefore consider the ratio p = ry/b as an independent dimensionless variable in the radial semi-axis
0 < p. The upper layer (i = 1) is located in the interval 0 < £ < 1 in the dimensionless vertical semi-axis
O( and the foundation layer (i = 2) is located in the unbounded interval { < 0. The crack is located in
the plane { = 0 in the area of the circle 0 < p <1 and the cavity is located in the area of the ring
o’ < p < 1, where o = a/b is the dimensionless radius of the internal contour of the cavity which is to
be determlned from the condition that the normal axial stress intensity factor vanishes (Fig. 1). The
magnitudes of the ratios

A=Hib, 8=EJ/E, % =381+v)/(1+v)), G, =E/2(1+v)), i=12 (L1

are the characteristic geometrical and elastic parameters of the mixed problem and the velocities of
the longitudinal stress-strain waves cy; and the transverse shear waves ¢y

2(1+ V)G, G,
vt .= —-l, = 1,2 «
T=2v, p,° T e ! (1.2)

are the velocity characteristics of the layers. We will denote the normal axial and shear stresses and the
axial and tangential displacements in a layer with number i = 1, 2, by 6,:(p, £), T..(p, &), wi(p, &) and
ui(p, £) respectively.
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2. THE GENERAL SOLUTION OF THE FUNDAMENTAL
EQUATIONS OF MOTION

The fundamental equations of motion in the theory of elasticity in the variables u;(r, z) and w(r, z) in
the layersi = 1, 2

1 1 9 Pza u; 1 9 P.a W,
(A——:z.)ui-‘— 1 —2Vi3_r G atz ’ AWi+ 1 —2Viaz G at

'18( 8) o l_au,- u,. ow;
B T Pl

A=;$r§—r +-—z—2,

in the moving system of coordinates r, = r + ct, z; = z can be written, taking into account the relations

Fu_ 2 19,2 1), Iwi _ 2L2(2),
or* - rior\"'or r% g ot T ror oy i

in the form
2
ks; 1oL _ 1 9
(Alf‘ rlj Tavar, =0 D"t Ty, = 0 21
19 3 22 o2 du;, u; ow;
= i ( _)+_—, ky = 1-5, L= —+ —’ .
N TANL T AT A 2 o, 73, @2)

The general solution of the equations is obtained in the form

1+v, 39, 1+v,; C 19 o) o
Y= aren VT —E-i—(2(1 VA + arl( 1571)*52 P (2.3)
where @,(r1, z;) are arbitrary functions which satisfy the biwave condition
AiAy9i(ry, 2) = 0 (24)

with the operators Ay; (2.2) and

19( a) o ¢
Ai=k21__(r_)+——, k= 1-5 25
! 1”18"1 larl 81% ! c%,- 23)

The normal axial and shear stresses are determined in terms of the displacements using Hooke’s law

19/ o) @&
Oy = 0z [(2 V)AZ’ C arl( IJZ)_B_ZEJ(Pi(rl’Zl)
1

p) 1¢41 9 ( ) ) o
= —| (1 =V)Ay + 55— ris— |- —5 [9:(r;; 7))
ar,[( VA2 2C§irlar1 1arl aZ? P 4

In the case of a subsonic velocity of motion of the crack when the conditions 1 — Al > 03 =1,2),
for which the radicals ky; (2.5) and ky; (2.2) take real values, are satisfied, for the biwave functions
¢i(r1, z1) (i = 1, 2) we adopt the general solution of Eq. (2.4) in the form of the Hankel integral

(2.6)

tal
-

kyotzy 0z

- j(A;*‘(a)e + BF(0)e ™ 4 CF e W+ DF (o)) ooy don 2.7)
0
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where A7, Bf, C; and D} are arbitrary functions of the variable of integration, which are to be determined
from the boundary conditions for the main and mixed problems with the exception of C,* () =
D,*(0) =0 (0 < o < o). The functions @;(ry, z;) in the form of the integral (2.7) are biwave potentials
in terms of which, using formulae (2.3) and (2.6), we obtain constructive expressions for the
displacements and stresses in the layers i = 1, 2. In these expressions, we introduce the dimensionless
variables p = r/b, { = z;/H and the new unknown functions A4,(B), BAB), C:(B), D:B) of the parameter
B = bo with the appropriate normalizing factors which eliminate increasing exponents and thereby ensure
the correctness of the solution. As a result, we can represent the normal and shear stresses and the
axial and radial displacements in the form

o, = j BALC B)o(pBYAB, T,.; = f BAL(L )Y, (pB)dB

o (2.8)
Ei A Jo(pB)d ¢ B)J,(pB)dp
Trvis" j wi(C, B)To(pB)dB. (Hv)b, { (& BT, (pB)
Ay = = Aky My + BinNy + CikyWo - Dinyyr
Ay = AmMy+ Bisny; + Cmpyy, + Disyy;
2.9
A, = =AMy + B fmi—CiVy; + Dif iy, @9)
A = AkyMy + Bk = Ciky iy~ Dok Wy
Ny = CXP(—kBkﬁ(Ciq—C)), Vi = CXP(—kaﬁ(C"Q)), =1, § =0
n = ki ((1=v) ki —ka) - 1), m; = (1+K3)/2 (2.10)

si= Vilk—ko)+ (148502, fr = (1-2v)(k};~k3) —1

3. REGULARIZED BASIC SOLUTION FOR THE UPPER LAYER
The regularized basic solution for the upper layer is constructed with the following boundary conditions
on the outer surface { = 1 and on the interface of the layers { = 0

c p*(P), T, = g*(p) when { =1

P(P)» Tl = q(p) when C =0

zl

(3.1)

Gzl

where p(p) and g(p) are arbitrary functions on the semi-axis 0 < p < oo, which can be represented by
the Hankel integrals

p(p) = [BB(B)o(pB)dB. a(p) = [Ba(B)J\(pB)dp (3:2)
0 0

P(B) = [pr(p)Jo(pB)dp. 2(B) = [pa(p)Ji(pB)dp (3.3)
0 0

p*(p) and g*(p) (0 < p < o) are functions which may be as small as desired, which are intended for
regularizing the solution of problem (3.1)—(3.3). We will seek the regularized solution of this problem
in the form of the superposition of the separate solutions corresponding to a normal load p(p) with
small overload p*(p) when g(p) = g*(p) = 0 and a shear load g(p) with a small overload g*(p) when
p(p) =p*(p) = 0. The small overload functions are represented in the form
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pH(p) = ~[BR(BIA, 1 (L, B)Jo(pB)dB
0

(3.4)

g*(p) = ~[BR(B)A,,i (1, B, (pB)dp
0

where A,,1(1, B), A,;1(1, B) are functions of the compliance, which are represented by the formulae
A1(G B), Aui(G, B) (2.9) on the outer surface of the layer £ = 1 in the case of the normal load p(p) and
the shear load g(p) respectively. At the same time, we assume that

R(P) = eexp(-nP), O0<e<l, n>1 (3.5)

Note that the introduction of the overload functions p*(p) and g*(p) into the boundary conditions
(3.1) is solely intended to ensure, via the function R(B) (3.5), the convergence of the integrals (2.8) for
the displacements which, in the case of R(B) = 0 and, therefore, in the case of p*(p) =g*(p) =0, diverge
in the lower limits. However, at the same time, it is required that the moduli [p*(p)| and |g*(p)|
(0< p < oo} and the modulus of the principal loading vector p*(p) (the principal overload vector g*(p)
vanishes according to the symmetry condition) do not exceed the magnitude & = (e, n) > 0, which
may be as small as desired and depends on the constants € and # of the function R(f) (3.5). Whene — 0
and 1 — oo, we have (g, n) = O(n™ Ve/n) and, therefore, the functions p*(p) and g*(p) in boundary
conditions (3.1) can be interpreted as infinitesimal functions of the regularization of the basic solutions
while preserving its form as high a degree of accuracy as desired.

Substituting formulae (2.8), (3.2) and (3.4) into boundary conditions (3.1), we obtain the boundary
conditions for the functions Ay (&, B) (v = z, T, w, u) (2.9) expressed in terms of the sets of unknown
functions A1(B), Bs1(B), Cs1(B) and Dy (B) (0 < p < o) which have been given the subscript s in the
case of a normal load (s = p)

Api(1,B) + R(BIA,,1(LB) = 0, Ay,y(1,B) =0

Azpl(O’ B) = [’(B)’ ATPI(O, B) =0 (36)
and in the case of a shear load (s = g)
A (LB) =0, Ay (1,B)+R(PB)A,,(1B) =0
3.7

A0, B) = 0, A.,(0,B) = g(B)

The equalities (3.6) and (3.7) in expanded form, with formulae (2.9) substituted into them, are the
correct systems of functional equations (SFE) for the determining the unknown functions 4,;(B), By (B),
Cs(B) and Dy (B) (s = p, q) in the case of normal and shear loads. On solving the expanded SFE (3.6)
and (3.7) using Cramer’s rule, we find these unknown functions, expressed in terms of the transforms
p(B) andg(p) (3.3) respectively, in an analytical form and substitute them into the general solution (2.8).
A a result, we obtain the regularized solutions of the boundary-value problem for the upper layer
(i = 1) separately for the normal load p(p) and shear load g(p) on its lower boundary plane { = 0. The
superposition of these solutions gives the required regularized basic solution of problem (3.1)—(3.3)
for the upper layer (i = 1).

The following representations of the axial and radial displacements wy(p, {) and u(p, £) on the lower
boundary of the layer { = 0

wi(p,0) = [A,(B)o(pB)dB, u,(p,0) = A, (B)J,(pB)dp (3.8)
0 0

Ay = E;](l +v)bDy,(B), Dy(B) = Aupl(B)ﬁ(B)“"Avql(B)ZI(B); V=wu 3.9

are required to formulate the mixed problem of the crack propagation from the basic solution described
above.
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Omitting the unwieldy analytical expressions for the functions A, (B) (v =w u; 5 = p, q), which
can be obtained using the method described above with the transforms p(B) and 7(B) in the SFE (3.6)
and (3.7) replaced by unity, we will present only the leading terms of their asymptotic expansions when
B—0

Ayp1(B)s Ay (B) = €7 + O(B)

3.10)
(Awa(B)’ Aupl(B)) = _2[ ! d ]+0(B) (

1=k 1+v, - (1-v)E,

and when § —

Aot B) 8ugn BY | | =Aups Aot |4 6 exo 20k, B)
Aupl(ﬁ) Auql(B) Aupl Tugl (3 11)
A Zos
sl = 5o =wu, s =p,
vsl R” q
Here
1 = (kpy +hy ) (1 + (1=2v)k3)
Ayp) = I+]‘21—2"11‘21(1‘11 +ky)
Qg1 = 2(1 = Ckyy + k) ((1 =V )k = (1 -2v))ky;)) (3.12)

Auqr = 201 =V kg ky (kyy +kyy)
Ry = 2viky (kyy +ky) + (1 + ko) (1= V) (kyy + Kyy) = 1)

On the basis of the asymptotic formulae (3.10)—(3.12), it is possible to give a rigorous proof of the
convergence of the regularized integrals (3.8), regardless of the unknown bounded transforms p(B) and
g(B), which enables us to reduce the initial mixed problem to a system of singular integral equations,
which is developed below.

In concluding this section, it is necessary in passing to dwell on the properties of the asymptotic
functions (3.11) and (3.12) at infinity, which determine the form of the solution of the mixed problem
and the singularities at the crack tip as a function of its velocity v = ¢ > 0. All the quantities A1, Qg1
(v =w, u;s = p, q), Ry (3.10), (3.11) depend, via the radicals k,; (2.2) and ky; (2.5), on the constant
subsonic velocity ¢ < ¢,; as a parameter of the actual problem and are therefore functions of c. In this
case, the properties

a,(c)>0, v=wu; s=pgq (3.13)

are either obvious or are easily proved.

The function Ry (c) (3.12) plays a special role in the solution of the problem of the crack propagation.
It is an analogue of Rayleigh’s function in the similar dynamic problem of surface waves in a
homogeneous half-space. The zeros of the function Ry (c) are determined from the irrational algebraic
equati0n2R121(c) = 0, which reduces to the following well-known rational algebraic Rayleigh equation
inx; = c*cyy:

(1-v)x; —8(1-v)xi +8(2-v)x;~8 = 0 (3.14)
The resonance velocity cg = ¢;Vxyg Of the natural non-dispersing Rayleigh waves, which are moving

along the outer surface of the two-layer half-space, are determined in terms of the real root of Eq. (3.14)
X1R.
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4. THE BASIC SOLUTION FOR THE FOUNDATION LAYER

The basic solution of the first fundamental problem for the foundation layer (i = 2) must satisfy the
same boundary conditions at the interface of the layers { = 0 as in the analogous problem for the upper
layer, namely, conditions (3.1)

6, = p(P), T, =q(p) when { =0 “.1n

The functions p(p) and g(p) are defined by formulae (3.2) and (3.3).

Substituting expression (2.8) and (3.2) for the stress o,,, T,,, and the functions p(p) and g(p) into the
equalities (4.1) and taking account of relation (2.9) and the fact that Co(B) = D,(B) = 0, we arrive at
the SFE in A,(B) and B,(B)

—kpAy+n,By = p(B), myA,+5,B, = §(B) 4.2)

The coefficients n,, m, and s, are defined by formulae (2.10) for i = 2.

From system (4.2), we find expressions for the functions A,(B) and B,($) and we substitute these into
the general solution (2.8) when i = 2. As a result, we obtain the basic solution for the foundation layer.
The representations of the axial and radial displacements w,(p, ) and u,(p, {) at the interface of the
layer £ = 0, which are required for subsequent use, have the form

wy(p,0) = [A,,(B)Jo(pB)AB, ua(p, 0) = [A(B),(pB)dp (4.3)
0 0

Ap(B) = E3 (1 +V)bDyy(B).  Dyp(B) = Aya(BIB(B) + Ay,2(B)G(B)

@u:2(€). U=w,u, §S=pg “4)

A = A =

vs2 vs2 Rlz( C) ’
The functions a,;(c) and Rpy(c) of the velocity ¢ as a parameter are determined using formulae (3.12),
taking account of the replacement of v, k11 and ky; by vy, ky, and ky, respectively. All the properties
of the functions a,,,; and R;;, which were mentioned at the end of Section 3 are extended to the functions
a2 (O = w, u; s = p, q) and Ry, in the interval 0 < ¢ < ¢y). In particular, Eq. (3.14), when account is
taken of the replacement of v; andx; by v, and x, = c*/c3,, is the dispersion equation for the foundation

layer (the half-space). The resonance velocity ¢, = 2\ Of the natural non-dispersing Stoneley waves
propagating along the interface of the layer and the half-space { = 0 is determined in terms of the real
root of this equation x,g.

5. FORMULATION AND SOLUTION OF THE MIXED PROBLEM OF
THE PROPAGATION OF A CRACK WITH A CAVITY AT THE TIP

The whole of the unbounded domain L = (0 < p < ) of the outer boundary plane { = 1 is free from
normal and shear stresses:

6, =0, 1, =0, pel 5.1

The still unknown friction law gr(p) for the shear stresses, which are directed towards the motion
(with a minus sign) and the conditions of continuity for the axial displacements

T = T2 = —qr(P), Wy = wy, pel, (5.2)

must be satisfied at the interface of the layers { = 0 in the region of contact of the sides of the moving
crack L; = (0< p < o).
In cavity domain L, = (o < p < 1), the axial and shear stresses are specified

0,1 =0,=0, T,,=1,=0 pel, (53)

z1
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and, outside the crack in the domain L; = (1 < p < o), the conditions of continuity of the axial and
radial displacements

Wi = Wy, U = Uy, PE L (5.4)
and the normal and shear stresses

G, = 022’ T = TrzZ’ pe L3 (55)

z1 rzl
must be satisfied.

The basic solutions of Sections 3 and 4 automatically satisfy all the boundary conditions (5.1) and
(5.5) in the case of arbitrary transformations p(B) and g(B) of the axial and shear stresses at the interface
of the layers { = 0, which are to be determlned from the boundary conditions (5.2)—~(5.4). The choice
of the law of friction force g(p) (0< p < o) must ensure the synthesis of all these conditions, by which
we mean the reduction of the solution of the initial mixed problem (5.1)—(5.5) to a single uniquely
solvable system of integral equations. The mathematical apparatus used here enables us to determine
the function gr(p) uniquely.

It will next be established that it is the generalized Coulomb friction law

qr(p) = p(upr(p)+Q), pe L (5.6)

which synthesizes the boundary conditions and, at the same time, satisfies the condition of axial symmetry.
Here, pr(p) is the intensity of the pressure of the layers which are rubbing against one another in the
region of contact of the sides of the moving crack, . is the dimensionless constant coefficient of friction
and Q is the tangential component of the constant bonding force of the layers. The friction law (5.6)
will will required in the final stage of the derivation of the system of resolving integral equations but,
for the present, we will begin the successive transformation of the boundary conditions (5.2)—(5.4) by
assuming that the function gr(p) is arbitrary.

Substituting expressions (3.2), (3.8) and (4.3) for the integral representations of the stresses and the
basic solutions for the displacements in the plane of the crack { = 0 into the boundary conditions
(5.2)—(5.4), we arrive at a system of three integral equations in the Hankel transforms p(f) and g(B)

[Ba(B)J,(pBYAB = ~q1(P).  [D,1a(B)o(PB)AB = 0. pe L, (5.7)
0 0
[BAB)Io(pB)dB = 0, [Ba(B)/,(pB)dB = 0. pe L, (58)
0 0
[Duia(B)o(pB)IB = 0, [D,12(B)J,(pB)dB = 0, pe L (5.9)
0 0
where
D,n(B) = Ay (B)P(B) + Ay 1n(B)a(B); v = w,u (5.10)
Ausi2(B) = Ay (B) = %A2(B); v =wu; 5= pg (5.11)

The functions A,(B) and A,,(B) are defined in Sections 3 and 4 by formulae (3.9) and (4.4).
In the system of equations (5.7)-(5.9), we change from the initial transforms p(B) and g(f3) to the
new unknown transforms () and g(p) using the formulae

f(B) = Dull(ﬁ)’ g(ﬁ) = le2(ﬁ) (512)

corresponding to the local functions f(p) and g(p):
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f](p)’ p € Ll
ne. pely g =P PE 5.13
fp) =4720pP) P 2’gP—O, el Ul (5.13)
0, pels
the transforms of which
FB) = f1iB)+ f2(B), 2(B) = &2(B) (5.14)
are defined by the Hankel integrals
FuB) = [pfu@)o(PB)dp. k = 1,25 2,(B) = [ p&2(p)J,(pB)dp (5.15)
L L,

When account is taken of the constructive expressions for the functions Dyi5(B) (v = w, u) (5.10),
the equalities (5.12) are an SFE in the transforms p() and g(B). From this SFE, we find expressions
for the initial transforms p(B) and g(B) in terms of the new transforms f(B) and g(B)

p(B) = N,B), gB) = N,(B) (5.16)
Ny(B) = Ay(BYF(B) + Ay (BIE(B), v = w,u (5.17)
where
A A A A
Aw = wp12’ Aw = _ﬂ’ Au - _ wq12, Au - _uq_lZ,
/ Bpq ¢ Apg / Apg £ By (5.18)

qu = AwplZAuqu - AwaZAuplZ

Substituting expressions (5.12) and (5.16) into Eqs (5.7)—(5.9), we obtain the following system of three
integral equations in the new transforms f(B) and g(B)

[BN, (B, (pB)dB = ~ar(p). [(B)Jo(PB)B = 0, pe L, (5.19)
1] 0

[BN.(Bo(pBYAB = 0, [BN,(B)J:(pB)dB = 0, pe L, (5.20)
0

[2(B)Jo(pBIAB = 0, [F(B)/,(pB)dB = 0. pe L (5.21)
4] 0

Next, we carry out the following transformations of Eqs (5.19)-(5.21). We integrate the first equation
with respect to p in the limits from 0 to p and differentiate the second equation with respect to - We
multiply the first equation of (5.20) by p and integrate with respect to p within the limits from o to p
and then divide by p. The second equation is integrated with respect to p within the limits from o’ to
p, the first equation of (5.21) is differentiated with respect to p and the second equation is multiplied
by p, differentiated with respect to p and then divided by p. As a result, the transformed equations acquire
the form

[N.(B)o(pB)dB = F(p)+Cy. [BE(B) (pB)dB = 0, pe L, (5.22)
0 0

- o -
[N.B\(pB)AB = ==, [Nu(BYo(PBYAB = Co pe Ly (523)
0 0
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[Bz(B)J.(pB)dB = 0, [BF(B)Io(PB)dB = 0. pe Ly (5.24)
0 0

where

P
F(p) = [gr(x)dx (5.25)
0

and Cy, C2 and D, are arbitrary constants which are determined below. According to the theorem for
the inversion of Hankel transforms f(3) and g(B) (5.14), (5.15), the second equation of (5.22) and both
equations of (5.24) turn into identities, and the latter are therefore excluded from further considera-
tion. We emphasize that future references to formulae (5.22) refer only to the first equation, while the
identity has played its role and is no longer required.

When account is taken of formulae . 14) the remaining equations (5.22) and (5.23) in the bounded
mixed contours L; = (0< p < o ), L, = (o < p < 1) form a closed system for determlmng the unknown
transforms f1, f, and g, (5.15). For the further transformation of this system it is necessary to separate
out the leading terms of the functions (5.18) at infinity when § — oo

A, B) = A, +A5B); v=wu r=fg (5.26)
where
A A A A
AP‘I rq pq qu
Apg = Awp12Auq12_Awq12Aup12 (5.27)

AwpIZ = —(Awpl +XAwp2)’ AwaZ = Awa _waqZ

Aup12 = Aupl_xAupZ’ Auqu = —(Auql +xAuq2)

The quantities Ay, and Ay, (v = w, u; s = p, q) are irrational algebraic functions of the velocity c,
which are defined by formulae (3. 12) and (4.4).

When B — o, the functions A%(B) = A,(B) — A, which are determined using formulae (5.26), are
of the order of infinitesimal functions:

A% (B) = O(exp(-2Mk,B)); v =w,u; r = f,g k= min(ky,ky) (5.28)

The special mathematical apparatus for investigating an analogous system of integral equations in
the fundamental mixed problem of the theory of elasticity can be completely extended to the system
of integral equations (5.22), (5.23) in expanded form, taking account of the representations of the
functions f(B), g(B), Ny(B) and A,,(B) and the asymptotic form A}},(B) using formulae (5.14), (5.17),
(5.26) and (5.28).+ On applying it and, at the same time, taking account of the synthesizing friction law
qr(p) (5.6) in formula F(p) (5.25), we reduce the expanded system of integral equations (5.22), (5.23)
for the transforms f1(B),f»(B) and gx(B) (5.15) to the following system of three singular integral equations
(SIE) with Cauchy kernels for functions of the real variable ¢,(x) (j = 1, 2, 3) for the initial mixed problem
of a moving crack

+ NIKISHIN, V. S., The correct formulation and numerical solution of fundamental and mixed problems in the theory of elasticity
for multilayer and continuously inhomogeneous media. Doctorate Dissertation, 01.01.07, Vychisl. Tsentr, Akad Nauk SSSR,
Moscow, 1982.
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0 0
Aygax T 010 Ay,
q11t2 J tl_xdt+_£ﬁ j Ky (x, 1) (1)dt +

0 )
-0 -0

l
+2“:cqu'K12(x: D@, (1) + Ky3(x, f)(Ps(t)dt _ Z?tpq(sz*”Cl)’ o< x<od

AwplZ(Pl(x) -

0
o r—o
12 (P3( ) 2A Cyx 0
Aypr2®a(¥) - — Aup J d"*‘Xz((Pl’(Pz’ P35 X) = —#E_T__oz" o <xs<1
X -a
(1
12 { 9200 2A D, 0
A, 1293(x) + Aug J- dH'Xa((Pp‘Pz, P33 x) = —Ep—q?“‘-&’ o <x<l
o _
o

Here

0
24, K (x 09,(1)
Xi(O P2, 033 %) = Pq[J’ jl AP
0

T [x_aO

) }Kﬂ(x, D920 + K s(x, fN’s(’)dtJ, =23

o Aa-d)-o)

Ky = Goopy —HxGgy, Kpp = Ayyy(x, 1) + Gopp — MxtG gy

Kis = Ao’ + 1+ Gy — Wx(A,xn, (x, 1) + Gyypy)

Ky = Aypxny(x, 1)+ xGogpp, Ky = xtGoopp + A My, Kyy = xGopa3 + Ay My

o
Ky = A N0 +x+ Gy, Ky = 16y + A, Mz, Ky = Gz + A, My

kajn = J.bkmjﬂSkj(x’ ﬁ)smn(t’ B)dB’ k’ m=0,1; ja n=1, 2’ 3
0

boont = boozi = boozz = borz A:ff(B)’ bons = b1z = A:g(B)
bioi1 = bioiz = bigz1 = bioxn = A;kf(B)v by = bysz = A;kg(B)

Soi1(x, B) = cos(xB), S§;(x,B) = sin(xP)

J J
o o) = B)_N*I OBy s
A/x+OL x —
Jl(OL o Ji(a B) p O(PB) i
S, (6 B) = 2 +Bnlx— =23
V Jx+ o IA/x —p°
- 2m;(x,t) Tl;( ) N, (x, 1)

p J=23 My = ———M(x 0, Myp = -————ns(tx)

na(x, 1)
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(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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t 1 1 1
My = sz—;vjz)(;n4(X)—;n4(t)), myy = —0t0+2-(;(—_t—)(xﬂ4(x)—m4(l‘))

02

2
m6n = —— 225 nien = Jxta))tad)

2
t —x o +1

02 0

2

x [f-o 1 X+ 0
2 02 ’

a2 g 2

n(x 0 = (F=a)n

n3(x9 t) =
xX—0

Note that the functions Mj(x, ¢) (5.33), which are defined in the square o < xt < 1, have removable
mobile singularities on the diagonal ¢ = x. The values of these functions when ¢ = x are assumed to be
equal to their limit values when ¢ — x, which are determined by I’ Hopltal’s rule.

The unknown transforms f1(B), f2(B) and g»(B) (5.15) are expressed in terms of the functions ¢;(x)
(j = 1, 2, 3), which satisty the system of SIE (5.29)—(5.31), using the formulae

i)
23

1 xQ,(X)Sgp(x, ﬁ)dx

A1) = [@i(m)cos(xB)dx,  Fa(B) =
Jo o
(5.34)
Sia(x
) = [P,

o ANX— (X

It follows automatically from the theory of an identity transformation of the system of equations (5.22),
(5.23) for the transforms f() = f1(B) + f»(B) and g(B) 2,(B) (5.15) into the system of SIE (5.29)-(5.31)
that the transforms f(B) and g(B), when account is taken of formulae (5.34), turns all Eqs (5.22) and
(5.23) and the initial system (5.19)—(5.21) into identities, with the possible exception of Eqgs (5.21). During
the transformation process, these last equations are differentiated with respect to p and are therefore
subject to verification by substituting the transforms f;(B), f2(B) and g,(B) (5.34) into them. Verification
showed that Eqs (5.21) are only satisfied subject to the additional conditions

0
o

_[(Px(x)dx _ 0. J- X(Pz(x) -0, (p3(x)

from which the arbitrary constants Cy, C, and D; on the right-hand side of the system if SIE (5.29)—(5.31)
are determined.

In order to satisfy conditions (5.35), we will seek a solution of the system of SIE (5.29)~(5.31) in the
form

=0 (5.35)

Q;(x) = 0;1(x) + C19;5(x) + Cy0;5(x) + D@ ju(x), j=1,2,3 (5.36)

where @;,(x) (n = 1, 2, 3, 4) are particular solutions of the system when account is taken of the following
equalities on its rlght -hand side respectively: (1) C;, = C, =D, =0,2) Q2 =0,C; = 1,C, = D, =0,
3)0=0,C=1,C=D,=0,40=0,D,=1,C;=C,=0.

Apart from the constants Cy, C, and D, which have been determined above, there is also a theoretically
indeterminate constant Q > 0 on the right-hand side of the system of SIE (5.29)-(5.31), which is the
magnitude of the tangential force directed towards the motion of the crack, which depends on the
strength of the bonding (adhesion) of the surfaces of the different layers. However, the structure of
the system of SIE (5.29)-(5.31) enables us to construct a solution in the case of an arbitrary constant
Q > 0in the form

0(x) = 09;(x), j =123 (5.37)

where @; %) (j = 1, 2, 3) is the particular solution when Q = 1. In passing, the hypothetical case when
Q = 0 should be noted. In this case, the system of SIE (5.29)-(5.31) has only a trivial solution
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(p?(x) =0(j = 1,2, 3) which is evidenced of the degeneration of the initial problem and thereby underlines
the special role of the force Q in the synthesizing friction law (5.6).

Next, we shall briefly describe a method for constructing a solution of the SIE (5.29)—(5.31) and
investigate its singularities. The process begins with the construction and investigation of the singularities
of the solution of the characteristic system of SIE (5.29)—(5.31) in the complex form

A, 2“x (P(t) 2 0 0
Apra®i(x) =i [ —dr = 202"+ C)). -0’ <x <0 (5.38)
B [ o(n)
o), 0
AQ() + [ F2dt = A,,f(x), o’<x<1 (5.39)
(10
Here
A Awp12 0 B = 0 _iAMPIZ , (P(X) (Pz(x)
0 Auq12 iAwq12 0 (p3(x)
. (5.40)
fi(x) _ C,x D
fo=| I p = L =23 Aw=E, A==
fa(x) Al x — o NX+ O x+0

Equations (5.38) and (5.39) are mutually independent, possess zero indices and have unique closed
analytical solutions, which are constructed using well-known theory [3, 4]. At the same time, Eq. (5.39),
(5.40) in matrix form reduces to a Riemann—Hilbert problem. During the process of constructing the
closed analytical solutions of the characteristic SIE (5.38) and (5.39), (5.40), their singularities at the
ends of the intervals of integrationx = o andx = 1 manifest themselves and are separated out in explicit
form

0T - (e’ = x), ¢j(x)~c (0®—x)" when x— 0’0 .
¢(x)~cln(1-x), j =23 when x—1-0 '

The superscripts on the functions ¢7(x) correspond to the signs of the ratio § = = Aypg1ofAuprz = +|&|
over the range of variation of the mechanical characteristics of the problem the constant 6 is defined
by formula (7.7) in Appendix 1 and the actual values of the constants ¢ and ¢ are no longer required.

The closed analytical solution of the characteristic SIE (5.38), (5.3) is used to regularize the overall
system of SIE (5.29)—(5.31) using the Carleman—Vekua method. Here, the regular kernels and the free
terms at the ends x = o, 1 preserve the root singularities and acquire new singularities (5.41) which,
after they have been separated out, are removed together with root singularities by means of identity
transformations. As a result of regularization, the system of SIE (5.29)-(5.31) reduces to a uniquely
solvable system of three regular Fredholm integral equations of the second and third kind with
continuous kernels in the functions ®;(x) (j = 1, 2, 3) which are connected with the initial functions
Q;(x) (j = 1, 2, 3) if the initial system of SIE by the relations

0! = ®n(o’-x), ¢ = (0’ -x)", ¢f = d'ln(1-x), j=23 (5.42)

Substituting the transform p(f8), expressed using formulae (5.16), (5.17) and (5.14) in terms of the
transforms f1(B), f>(B) and g,(B) (5.34), into the Hankel integral for o,(p) = p(p) (3.2), we carry out a
series of successive transformations of the double integrals and, as a result, when account is taken of
relatlons (5.42), we determine the leading terms of the normal stresses 6,(p) on the contours of the
cavity o) < p < 1

A,/ T(0)Y1(p, 0% + A, B3 (o) y3(a)

6,(p) = +0(1) when p—a’-0 (5.43)
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A, @3(1)In|1 - pl

o,(p) = - +0(l) when p—>1+0 (5.44)
Jp*-1
where
- C(1-26 1
¥ = In@”-p”), ;= H Y3 = 5000111(1*0‘)
2°(a”-p?
o (5.45)
- dt
0<C = —— L 0O

Taking account of the inequality In|1-p| < 0, we conclude from the limiting formulae (5.43)—(5.45)
that the criteria for the existence of a cavity o’ < p < 1 for the two forms of the solution reduce to the
following conditions (see Section 1)

@i(0’) + @5(0’) =0, A,,@5(1)>0 (5.46)

under which the normal stresses 6,(p) on the internal contour p = o are bounded and the stresses on
the contour of the tip of the crack p = 1 are tensile stresses (of positive sign) and they undergo an
infinite discontinuity 6,(1) = +eo. By analysing formulae (5.27), (3.12), (3.13) and (4.4), it can be shown
that the quantity Ay, as a function of the velocity ¢, changes sign at the point of resonance ¢ = cg of
the Rayleigh waves in the case when c¢,; < ¢y, or at the point ¢ = ¢y of the Stoneley waves in the case
when ¢;; < ¢;;. In both cases, we have 4,, < 0 in the preresonance velocity interval 0 < ¢ < min(cg,
cs) and 4, > 0 in the post-resonance Veloc1ty interval min(cg, c5) < ¢ < min(cy;, ¢p). In the case of
the resonance of Rayleigh or Stoneley waves when ¢ — min(cg * 0, ¢,  0), we have A, — Feo.

It should be explained that the transition to resonance of Rayleigh or Stoneley waves When C > ¢y
(v =r,s)is accompanied by a secular increase in the amplitude 4 of the oscillation of all of the stresses
and displacements according to the hyperbolic law 4 = K/(c - ¢,) (K = const) and, when ¢ = ¢,, it is
concluded with a catastrophic global rupture during which all of the stresses and displacements become
infinite with an instantaneous change of sign.

The magnitude of the internal radius of the cavity o is determined numerically on the basis of the
criterion (5.46) and the parameters of problem (1.1), (1.2), corresponding to this case, are chosen.

In order to substantiate the correctness of the solution constructed above, apart from satisfying the
criterion (5.46), it is required that the continuous axial stress c,(p) on the contacting sides of the crack
should be compressive stresses (of negative sign) o,(p) < 0 (0 < p < o). The latter condition, which
must indicate that there are no intermediate cavities (Section 1), can only be verified numerlcally

6. THE PROBLEM OF THE MOTION OF A TRANSVERSE SHEAR
CRACK WITHOUT A CAVITY

The problem of the motion of a transverse shear crack without a cavity is considered as a special case
of the problem from Section 5 in which

o’=1, FB)=2,(B)=0, ¢,(x)=@s(x)=0 (6.1)

Below, in this section when reference is made to the formulae in Section 5, the special case of these
formulae which corresponds to conditions (6.1) being satisfied should always be kept in mind.

The problem being considered is reduced to the SIE (5.29) in the function @, (x) in the interval {0, 1].
The transform f;(B) is expressed in terms of ¢;(x) using formula (5.34). The constant C; is determined
from the additional condition (5.35) for ¢(x). In order to satisfy this condition, we will seek a solution
of the SIE (5.29) in the form

0 (x) = ¢1,(x) + Cr9py(x) (6.2)

where ¢y;(x) (j = 1, 2) are the particular solutions of the SIE (5.29) when (1) C; = 0, and (2) Q = 0,
Cy = 1 respectively. On substituting the function @;(x) into equality (5.5), we obtain an equation in C;
from which we find
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1 1 -1
¢ = w,l(x)dx[ f <p12<x)dx] (6.3)
0 0

The method of constructing the solution of the SIE (5.29) and investigating its singularities has been
described in detail in Section 5. The closed solution of the characteristic SIE (5.38) is constructed in
two forms ¢7(x), which have the singularities (5.41) whenx — 1. The complete SIE (5.29), as a result
of regularization, reduces to a Fredholm integral equation of the second kind in two forms in the
continuous functions ®7(x), which are related to the solutions ¢7(x) of the initial SIE (5.29) using
formulae (5.42).

The leading terms of the stresses 6,(p) on the contour of the crack tip p = 1 for the two forms of
the solution are determined using formula (5.44)

A OT(YI(p, D)

«/l—p2

The functions y;(p, 1) are determlned using formula (5.45).

Taking the equality y; = In(1 - p?) < 0 into account, we conclude from the limiting formula (6.4)
that the necessary criterion of the correctness of the solution which has been constructed reduces to
the conditions

o,(p) = +0(1) when p—>1-0 (6.4)

A 07(1)>0, A, D(1)<0 (6.5)
o,(p)<0, 0<p<l1 (6.6)

The parameters of problem (1.1), (1.2) are selected from conditions (6.5), and condition (6.6) must
numerically confirm that the stresses o,(p) on the sides of the crack 0 < p < 1 are compressive stresses
(Section 1).

As a function of c, the sign of A,(c), unlike the sign of A,¢(c) in Section 5, depends very much on
the magmtude of the parameter y (1.1) compared with the magnitude of the ratio Ay,(c”) =

wa(c )/Aqu(c ), where ¢” is an arbltrarﬂy selected preresonance velocity 0 < ¢* < min(cg, cs). In the
case when c21 < ¢y (1) when g > Ajp(cy) (0 < ® < cg), we have Aylc) >0 (0 <c<c 0,

Ayp(c) <0 (" < ¢ < cg) and (2) when y < A;5(c"), we have Ayp(c) < 0(0 < c < cg). In the case when
¢ < ¢t (1) when i > App(c® ) (0<c®<cg),we have 4,4(c) > 0 (0 < ¢ < c¢g) and (2) when < Ap(ch),
we have 4,4(c) <0 (0 <c < o, Ayc) >0 (c° < ¢ < cg). In the case of resonance Ayf(c) = Foo when
¢ = cg * 0and A(c) = o whenc — cg F 0.

The resonance of Rayleigh and Stoneley waves in this solution has exactly the same form as in the
solution of the problem in Section 5.

7. APPENDIX 1. THE CLOSED SOLUTION OF THE
CHARACTERISTIC SYSTEM OF SIE (5.38)-(5.40)

We will now construct the solution of Eq. (5.38). Initially, in order to simplify the calculations, we will
change from Eq. (5.38) to the equivalent equation

a(x)9,(x )+”("’j""( Dir = 11, o <xsol (7.1)
where
_ Aw 12 _ iAwalux 7
a0 = 3Gy bW = -3 i) = nA(x)(Qx te) 12

Ax) = Al i+ (Ao’ @’ (x)-b7(x) = 1
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We will seek the solution of SIE (7.1) in the following form [3]

@ 4(x) = a(x)}l(x)_b(xzfm j Zfl(t)dt

Zou-n " b(X)Z(x)Py_ (%) (1.3)

The solution of the characteristic SIE (7.1) is denote by @y,(x), and Z(x) is the canonical function of
this equation

Z(x) = (x+0) " (x—a") 2exp(T(x))

0

1 ¢ InG() _a(x)—b(x) (7.4)
Fx = 27 J.O t—x dr, Gx) = a(x)+b(x)
-
A and A, are integers, which satisfy the conditions
~1€o+A <1, k=12
(7.5)

@ = Re(-RGCD) g, - pe(126(E))

2Ti 2mi

K = —(A; + A,) is the index of SIE (7.1). P, _1 is a polynomial of degree k — 1 with arbitrary coefficients
and, when x < 0, it is necessary to put P._(x) =0.
Using formula (7.4) and taking account of relation (7.2), we obtain

1+i A, .
G(x) = 1f;§;‘j gz/TZi’ G| = 1, InG(x) = 2iarctg (Ejux) (7.6)

By analysing the quantities 4,1, = — XAuwg and 4,10 = ~(Ayp1 + xAwp) as functions of
¢ < min(cyy, ¢3), it can be estabhs%ed that thelr ratio & changes sign over the range of variation of the
elastic and velocity characteristics of the two-layer half-space. Consequently, it is necessary to seek two
various of the solution of Eq. (7.1): when § > 0 and when & < 0. For both versions, the solutions ¢T,(x)
(7.3), which are given the superscripts + respectively, we find using formulae (7.4)—(7.6) that

0
o

M = +1(0), T = 1 [ arctg(gun L

0
-

o, =0, =10, 0= Ilrarctg(lgmao), 0<9<% (7.7)

Ai=X =0, x=-A+4,) =0
In both cases when & > 0 and & < 0, the characteristic SIE (7.1) has zero index and its closed versions

of the solution ¢7,(x) are determined using formula (7.3), taking account of the relations and the identity
P, _i(x) =0. We have

Ay qiahxexp(T(x)) J fl(t)exp(xr(z))

+ _ “twpl2 7
Qralx) = A(p)f( )+ AR . (7.8)

We next mvestlgate and separate out in an explicit form the singularities of the solutions @7,(x) (7.8)
at the ends =0 of the interval of integration. For this purpose, we introduce the continuous and bounded
functions in the interval —of < x < o

0

ax) = }tarctgd&iux), Y(x) = j%ﬂdt (7.9)

-
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into the treatment and, taking into account the functions

- X

0
£1(x) = £y(x) T a(x)
o +x

which are expressed in terms of them, we obtain the representation of the canonical functions

X

0 +ou(x)
Z*(x) = exp(#['(x)) = exp(i'y(x))(ao_ J (7.10)

o +x

Taking into account the continuity of the functions o(x) and y(x) (7.9), we establish that the function
Z*(x) (7.10) is continuous in the interval —a° < x < of and vanishes at its ends:

Z'za’) = 0 (7.11)

The function Z(x) is continuous in the interval o <x< oco, and, at its ends whenx — "_'OCO, it undergoes
infinite discontinuities according to the law

Z'(x) = exp(-T(x) - &0’ 50", & = exp(y(c®)) (7.12)

We now separate out the singularities of the closed solutions ¢7,(x) (7.8) of the characteristic SIE
(7.1). In the case of @7,(x), we represent the integral in (7.8) in the form

J.f](t)exp( r(t))d . (}2‘-_‘&%#exp(—lz‘(f))dt+

0

0
+ Fimexp(-P(x)| mE =X — j exp (1)~ exp(T0)) oy, _Fr))a (7.13)

a+x 7, t-x
-0

and, in the case of ¢1,(x), in the form

J fl(r)exp(r(t» g = ‘} fr)exp(L(1) - f1(x)exp(F(x))

dt+
t—x
—Q, _ao
~ ~ o’ - x
+ fi(x)exp(T(x))In =5 (7.14)
o +x

Taking into account the fact that the functions f;(x) (7.2) and ai(x) (7.9) have first and second derivatives
in the interval —o” < x < o, the convergence of the parametric integrals on the right- hand sides of Eqgs.
(7.13) and (7.14) to contmuous functions of x over the whole of the interval -’ < x < 0 can be proved.
On the basis of this assertion and using formulae (7.13) and (7.14), we find the singularities of the two
Vers10ns of the solution ¢7,(x) (7.8) of SIE (7.1) at the ends of the interval of integration when
x— zo

- _ -6
O1,(0) ~ NiyIn(a’ 1), @74(0) ~ Nj (o’ F x) (7.15)

The constants N1, when the expression for & (7.12) is taken into account, are given by the formulae

0% ro° of - = %0 =0
N, = A, pHo fi(a’) N, =@ J fl(t)exp(I“(t))—fl(()oc Yexp(I'(al ))dt

NCH I \ -0

—Q

(7.16)
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Fig. 2

We will now construct the closed analytical solution of the characterlstlc matrix system of SIE (5.39).
Initially, we close the contour of integration of the SIE (5.39) [ = (o < x < 1) with a smooth arc !’ and
change to an equivalent SIE on the closed contour L = [ + [’ (Fig. 2)

] Bro®, _ 4 7
AQ(x) + T—E—det = A, f(x) (7.17)
L
where the (4 x 4) square matrices 4 and B and the (4 x 1) column matrix f(x) have the form
A=

: 7.18
0 (7.18)

where FE is the identity matrix and O is a second-order zero matrix or a zero column matrix with two
elements in the case of f (x).

The closed analytical solution of SIE (7.17), (7.18) also holds for the initial SIE (5.39), and, using a
Cauchy-type integral in the complex plane z = x + iy, we construct

1 t
®(z) = in—ij;‘gdt (7.19)
L

The contour L = [ + I’ subdivides the z plane into two domains Z* and Z~, which are respectively to
the left and right of the direction of its circuit shown by the arrow in Fig. 2. The Sokhotskii—Plemelj
formulae hold for the boundary values of the integral (7.19)

ty = 1 1 e
O (x) = £50(x) + Zm,jt_xdz
L
from which the equalities

o) = 070 -0 (0, —[Har = () + & () (7.20)
L

fOIé?lvgétitution of expressions (7.20) into SIE (7.17) reduces it to a Riemann—Hilbert inhomogeneous
conjugation problem
@*(x) = GO (x) +&(x) (7.21)
where
G=5'D, zx) =38 4,Fx

A+B=|%%) D=A4-B=
OF

i
H




The steady motion of a circular crack along the interface of a layer and a half-space 465

Usmg formulae (5.40), (7.18) and (7.22) for the matrices A and B, 4 and B and § and D respectively,
it is easy to verify that the equality detG = detS™ D = 1 holds, from Wthh it follows that the conjugation
problem (7.21) has a zero index x [3, 4]:

1 ~
K = ﬁ[argdetG]L =0 (7.23)

In the case of a constant matrix G, the homogeneous conjugation problem is solved in an explicit
form using the canonical matrix

G when ze ZJr ~
X(z) = { E=|EO (7.24)
E when ze 2 0E
Consequently, @ = X* = G, @ = X~ = E and, therefore
- -1
=GX, G=X'X] (7.25)

The solution of the inhomogeneous conjugation problem (7.21), taking account of the zero index
x = 0 (7.23) is given by the following Cauchy-type integral [3, 4]

X0z = j[X] 20, (7.26)

2mi

On applying the Sokhotskii—Plemelj boundary formulae to the integral (7.26), by analogy with equalities
(7.20) we establish the relations

(X128 = (X0 () - [X T & (x)
J[X] By (X770 () + (X T @ (x)
bid1

from which we find
-1.
PN () L x"] 2
®(X)—X{i2[X] B0+ 5[ dr} (7.27)
L

Using the first formula of (7.20 and taking account of formulae (7.27) and the equalities X =
G=8D,X =Egx)=A4,5 £ (x), we find the required function @(x) of the characteristic SIE (7.17)

A et ~—1~-1 =~
o(x) = P‘I[S f( )+ 2= jf(t)dtj Pq[G 1S lf(x) - %j%dt} (728)
L

Then, on taking account of the equality G = [S7!D]! = DIS, 671§ = DI1S§! = D! and the
formulae

! = S_l 0 S‘l - L Auqu lAuplZ
0 E AP‘I —iAwaz AwplZ

i)_l D_1 0 , D_l AL .Auq12 '_iAup12
0 E Pq lAwaZ Awp12
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we represent ¢(x) (7.28) in the following final form

1T 4 B F(D) |
O(x) = Axf(x)+=£[ar (7.29)
L
where
. e A
Ay = 3E by = | A6 O 4y =] Ae O
2 0 E 0 Ay
(7.30)
B, = _I-(S,—I_D—l) _| B0 B, - 0 A,p
2 00 ~Aygn O

It is easily seen that the solutlon of the initial characteristic SIE (5.39) is identical to the solution of
SIE (7.17) on the contour [ = (o < x < 1) and is given by formula (7.29):

1
= By f(1)
O(x) = Ay f(x)+ =% [ =ar (7.31)
(!,0
SIE (7.17) on the contour I’ has the obvious trivial solution ¢(x) = 0 which is no longer required.

Next, taking account of formula (5.40) for ¢(x) and f(x), we represent the matrix solution (7.31) for
the characteristic SIE (5.39) in the expanded form

92 (x) = Aygrafr(0) + Mplzj.wd P3,(x) = A, 10 f3(x) - wazjfZ( )dt (7.32)

0 0
o a

We substitute the representations of the functions fi(x) (j = 2, 3) into formulae (7.32), identically
transform the integrals

1 0 1 .0 0
/Dt ~0 fi ()= f;(x0)
= i+ , Fi = [H= " (733)
am/t—(xo(t—x) ' J:)/\/t— (t~x) ' (IJ.M/t—ocO(t—x)
1
J dt dr = 1 1-
ao»\/t—O(,O(t—x) A/x—a (Jl o +Jx ol )
and separate from the singularities at the ends of the integration interval
c P In(1 —x) Jx—
J - (= )f,(x) +3(0)f(x)
0LoA/t—OLO(t~x) NX = (7.34)

ln(All—oc +Ax—0 )

y(x) = 1- In(l-x)

All of the functions y(x), f %), f }(x) (j = 2, 3) are continuous in the interval o’ < x < 1.
The solution @;,(x) (j = 2, 3) (7.23), taklng account of fi(x) (5.40) and the quality (7.34), is written
as follows with the singularities separated out in explicit form

2In(1-x)

(p]h( ) n m
X -

D,(x), j=23, a<sxs<l]
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fox) A, Jr—a
®,,(x) = Auqlzmﬁ—_—) 7’;‘2( (x )f;(x)+mz‘1 x)f3(x)) (7.35)
fax) A, Jr—al o
®14(0) = Ay -~ 130 + 5T

The functions @,(x) (j = 2, 3) are continuous over the whole interval o<x< 1.

8. APPENDIX 2. REGULARIZATION OF THE SYSTEM OF
SIE (5.29)-(5.31)

We will first regularize SIE (5.29) using the closed solution (7.8) of the characteristic SIE (7.1). We
transfer all the regular terms to the right-hand side and apply formula (7.8) to them having replaced ¢
by 1 in this formula, as well as to the function f ;(x). Next, we change the order of integration in the
double integrals and transfer all the terms containing the unknown functions ¢;(x) (j = 1, 2, 3) to the
left-hand side. As a result, we obtain the following regularized equations for the two versions of the
solution of SIE (5.29)

0

A o 3 1 ot .
(pl(x)+—— j M“(x t)(p,(t)dt+ n”"z J' ”(x ) —.(t)dt = @7,(x) (8.1)
o j=20 t—
o AupnKy(n ) Aygphx K1 (T, t)exp(xl“(r)) .
M, = 22 A(x]) + T[Z(x) ex (+r(x))j J — T, j=1,2,3 (8.2)

(1

It is casy to verify that the functions ¢7,(x) and the kernels MT;(x, ) (j = 1, 2, 3) (8.2) are even in the
variable x and that the kernels M7i(x, ¢) are also even in the variable z. In this case, the required functions
97(x) in the two versions of Eq. (8.1) are even, and, therefore, it is possible and advisable to represent
them in the following form

0

fMMMNMW+ZI )-mm—wmn (8.3)

j=240 -0

+
P,

Comparing the expressions ¢7,(x) (7.8) and MT;(x, £) (8.2) and taking account of the differentiability
of the functions Ky;(x, t) (j = 1, 2, 3) with | respect to the variable x, it can be seen that the kernels
M7(x, 1) ( j=1,2,3) and the free terms ¢7x(x) of Egs (8.3) have the same singularities (7.15) at the
endx = o,

In fact, by representing the integrals on the right-hand side of equality (8.2) using formulae (7.13)
and (7.14) and, at the same time, replacing f1(x) by Ky j(x, ), we find the leading terms of the kernels
Mix, ) (j = 1 2,3) whenx — (xo using the technique described above

- - -8
M7 (x, 1) ~ Nj;(0In(o’ - x),  M{(x, 1) ~ N7 (n)(o = x) (8.4)
where the functions N3;(r), when account is taken of ¢ (7.12), are given by the following formula

po K“(a 1)
nA(oc )

N-Ifj(t) = wq12

(8.5)

It
ot

- o t r K t I
Ny(0) ,[ K, (T t)exp( (T))T alj(a yexp(I'(a’ ) .

o
~o
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In order to remove the logarithmic singularities (7.15) and (8.4) in Eq. (8.3) for the functions ¢}(x),
(j = 1, 2, 3), we introduce the new unknown functions

1 (x) 9;(x)
OF(x) = —2 | @i(x) = —I— j =23 8.6
1 In(o - x) i) In(1-x’ 7 (86)
and obtain for them the integral equation
0([)
+ 2qu et 1] +
O} (x) + =21 [ Mii(x, (e - N@T (Hdt +
0
S Mk, OIn(l - 1)
+ ZI LA : — ‘I);(t)dl‘J = @, (x), 0<sx<d (8.7)
J=240 NE—O

where M 1 0) = M7;(x, )In(o —1) (j = 1,2, 3), @1, (x) = ¢1,(x)/In(0y — 1) are continuous functions
in the corresponding intervals of integration and, when x = o, we have

Mija’, ) = Ny, j=123 &} =N, (8.8)

We remove the root singularity in the second and third integrals of Eq. (8.7) by changing the variable
of integration using the formulae

(1) = T 1(t,) = oco+t§ (8.9)

As a result, we arrive at the integral equation

Q
o

24 [% .
Ol (x) + 2 jML(x, Hin(a’ - @ (1)dt +
0
3 1-o°
#23 [ Mije(e 0In(1 - ) @u()dry | = (x), 0<x<o’ (8.10)
i=2 0

where the functions
~ 4 ~ + . + + .
Mlj*(x’ t) = Mlj(xa t(t2)): .] = 1129 37 ¢J*(tz) = ¢J(t(12))’ .] = 273

are labelled with an asterisk.
We remove the logarithmic singularities in the integrals of Eq. (8.10) by representing them in the
following forms

[ #1105, DI’ - @} (0dr = [ Mii(x, DIn(o” - 1)(@] (1) - B} (")) dr +

0 0

+ cpf(oc")[j (M71(x, £) = M1y (x, o) In(o = 1)dr + M1 (x, o) j In(a’ - t)dt] (8.11)
0 0

W]
o

J.ln(oco——t)dt = —0’(1 - Ina%)
0
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Jod
j M j5(x, t)In(1 = 1(1)) @4 (1,)dt, =
0
fiod
- j M1 (x, 1) In(1 = 1(2)) (@ (8) — @i (41 - 0°))dr +
0
S~
+ O (J1-0) j (M;Lj*(x,tz)—M;j*(x,A/l—ao))]n(l—t(tz))dt2+‘ (8.12)
0
S
+ M (6 1= 00) j In(1 - #(z,))dt,
0
l—ao «/1——010
j In(1 - 1(,))dt, = j In(1-a’~)dt, = 241 -0’(1 - 1241 -a"))
0 0

To remove the power singularity (7.15) and the logarithmic singularity (7.35) in Eq. (8.3) for the
functions ¢;(x) (j = 1, 2, 3), we introduce the new unknown functions

¢;(x)

D (x) = (Oco_x)e(p](x), D;(x) = n(l—x)’

j=23 (8.13)

and obtain the following integral equation for them

0
o

24 %01 ] 7 - ]
d)I(x)+——1%' J‘MH(X, t)d)l(t)dt+ z J‘M)_ln%l_t_)(bj(t)dt = q)lh(x)

2 (-1 S A= (8.14)
0<x<a’
For the continuous functions
(e = Mix 0 -x)", j= 1,23, ®,x) = g0 -x° (8.15)
in the corresponding domains in which they are defined when x = 0, we have
Mie’ ) = N0, j=123, @) =AnN, (8.16)

We remove the root singularity in the second and third integrals of Eq. (8.14) by changing the variable
of integration ¢ using formulae (8.9), while the power singularity in the first integral is eliminated by
changing the variable of integration ¢ using the formulae

¢ dr oo p'° 0, o01-6 1(1- )
n = [—— = 5 () = ol = () T = (1-0)r)) (8.17)
oo —1)

and, using the same formulae, we replace the variable x by x;. As a result, the integral equation becomes
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10
D)+ =L [ Mia(x, 1)@ y())d +
0

3 [
+2Z J' M[j*(xl,tz)ln(l—t(tz))d);,k(tz)dt2 = O, (%), OSxIle(OLO) (8.18)

j=2 0

where
. 01-9 ) ) ) .

Hio) = 1-98° Dpy(x)) = ©(x(x)), Ppy(xy) = @i(x(xy)), J=2,3

Miys(x,, ) = Mu(x(x), 12), M1 js(x,, 1) = Mi(x(x)), 1(8)), j = 2,3
D (x) = @yp(x(xy))

The second and third integrals in Eq. (8.18) are represented in the form of (8.12) with x replaced by
x(xl).

We now regularize SIE (5.30) and (5.31) and, using the closed solution (7.32), the characteristic system
of SIE (5.40). We transfer all the regular terms of Eqs (5.30) and (5.31) to the right-hand side and apply
formulae (7.32) (having replaced ¢ by T in them) to the equations and the functions f;(x) (j = 1, 2, 3).
We then change the order of integration in the double integrals and transfer all the terms containing
the unknown functions @;(x) (j = 1, 2, 3) to the left-hand side. As a result, we obtain the following regular
equations

of 3 1
M (x, M, (x, )@,
(pj(x)+1—2tj' px t)(pl(t)dt+1% Y [ A== x 00 . @(x), o’<x<1 (8.19)

0 A/x—oco n=2a0»\/(x—(x0)(t~(l0)

where the kernels M;,(x, £) (j = 2, 3; n = 1, 2, 3) are given by the formulae

1
A, K3,(1, 1)
Mop(x, 1) = AygoKon(x, 1) + =22 x "j 2

_a e —
T oA (T—a’)(T-x)

1
A o Kop(T1)
My, (6, 1) = AyyKa,(x, ) - =22 x -’ | 2

o | ———drt
T ao«/(’E—OLO)(T—-x)

Using equality (7.34), we separate out the singularities at the ends of the interval of integration from
the integrals in formulae (8.20) and represent them in the form

dat

(8.20)

1
K, (1) _ (=) Jx-a’ o
J.«/a:—jkmo)(t—x)dT ) Jx-al [ln(l —x)K]"(x’ DO

1
K, (t,0)-K;,(x, t)d*c

o Nt~ oco)(t - Xx) ’

We now introduce the representations of the free terms @, (x) (7.35) and of the integrals (8.21) into
Egs (8.19), multiply them by Vx — 0 and divide them by In(1 - x), and introduce the new unknown
functions for both versions of the solution

(8.21)

i(jn(x’t)= j=23 n=123

0} (x)

N E) -
In(1-x)

OF(x) = — Oi(x) = (@’ -0 9;(x), B(x) = (j=23)
In{o

—x)
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As a result, we obtain the following systems of integral equations for them
a(l

2 k- o' ®;x) + j B3 (x, £)In (0 - )} (1)dt +

3

" zj Min(x 0ln(1 - Dot (ndr = ®y(x), j =23 a’<x<l (8.22)
m=2 o AN (1
A/x o’®;(x )+j M1 (. )q>;(t)dt+
0 (a —t)
In(1- - .
+ 2 j Mjn(x 0)ln Do (ndr = ©,(x), j =23 o'sx<lI (8.23)
n=2 o At (X
where the kernels M w0, 1) (j = 2,3;n = 1, 2, 3) are given by the formulae
g _ K2n(x’ t) Aup12 NX
Mon(x, 1) = A“q”ln(l—x)+ - ln(l )KZn(x 1)+ y(x)Ky,(x, 1)
(8.24)
e _ K3, (x, 1) Awq12 NI
M3,(x, 1) = w2in(1ox) " x ln(l )K3n(x 1)+ y(x)K3,(x, 1)
and, when x = 1, we have
~ A - A
Maon(L,1) = 22K, (1,0), Min(1,1) = 222K, (1, 1) (8.25)

In order to remove the root singularities in the two systems of equations (8. 22) and (8.23), we replace
the independent variable x and the variable of integration # in the interval [a°, 1] using formulae (8.9).
In the first integral of system (8.23), we change to the variable of integration (8.17) and thereby remove
the power singularity. As a result, the systems of equations (8.22) and (8.23) become

0
o

T%xzq>j*(x2) + JM;l*(xz, Hn(a’ - )@ (1)dt +

0

3 J1-0°

+23 [ Ml ) In(1 = (1))@} (1)dty = @)p(x;), 0Sx,<41-0"  (826)
n=2 0

1 ()
2 - ~ - -
“0® () + | M (o, 1)@y ()t +
0

3 1—0L0

+2% | My 1) (1 = ()@ (1)dy
n=2 0

®,4(x), 0<x<41-0°  (827)

The functions M7 FET d7 7% and @y, are related to the functions M CD and @y, using formulae (8.18).
The logarlthmlc smgularltles at the ends of the intervals of i mtegratlonx = oco andx = 1 in the system

of equations ((8.26), (8.27) are removed by representing the integrals using formulae (8.11) and (8.12).
Thus, as a result of regularization, the system of SIE is reduced to two systems of three linear Fredholm

integral equations (8.10), (8.26) and (8.18), (8.27) of the second and third kinds with continuous kernels
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and free terms, which solve the initial problem of dynamics over the whole range of changes in the elastic
and velocity characteristics of the crack propagation respectively in the case of positive and negative
signs of the ratio § = A,,412/A4,,,1,. By Fredholm’s theorem, these systems have unique bounded solutions,
which can be obtained by standard computational methods.

I'wish to thank R. B. Gol’dshtein and the participants at the seminar of the Institute of Problems in
Mechanics of the Russian Academy of Sciences under the chairmanship of V. M. Aleksandrov for
discussing the formulation and solution of the problems which have been considered here.
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